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PREDICTION OF WING CHARAC-STICS 
By Thomas A. Tol l  and Franklin W. Diederich 
Langley Aeronautical Laboratory 
INTRODUCTION 
The problem of the prediction of w i n g  character is t ics  i s  not 
necessarily r e s t r i c t ed  t o  the character is t ics  of the main l i f t i n g  wing 
of an airplane. The character is t ics  of tail surfaces and of movable 
controls usually a re  a l so  included since the f ac to r s  tha t  influence such 
character is t ics  a re  very similar t o  the fac tors  that influence the 
character is t ics  of the main l i f t i n g  wing. The general problem, there- 
fore ,  is  very broad and the number of aerodynamic p a n t i t i e s  tha t  need 
t o  be evaluated is considerable. Som of the important quantit ies a re  
the l i f t ,  drag, and aerodynamic center, corresponding t o  various a t t i tudes  
of the wing, the dis t r ibut ion of l i f t  over the wing surf ace, the various 
forces a.nd moments tha t  a f f ec t  the s t a b i l i t y  of the wing under &panic 
f l i g h t  conditions, the effectiveness of tail surfaces o r  of controls, and 
the aerodynamic forces  tha t  must be overcome i n  order t o  operate the 
controls. The present discussion is concerned with the various theoret- 
i c a l  and empirical processes tha t  have been found sui table  f o r  use i n  
evaluating such quantit ies a t  f l i g h t  speeds below the c r i t i c a l  Mach nmler. 
DISCUSSION 
I n  order t o  evaluate the desired quantit ies,  the theory of wing 
sections must be e i the r  supplemented o r  replaced by a theory of f i n i t e -  
span wings. I n  many instances, the desired Quantities bear only a second- 
a ry  relationship t o  the character is t ics  of wing sections. An example i s  
the spanwise dis t r ibut ion of wing loading, which i s  influenced largely 
by the flow about the wing t i p s  rather  than by ~ c t i o n  character is t ics .  
The chordwise dis t r ibut ion of loading a lso  i s  affected by f i n i t e  span; 
but i n  many instances, t h i s  e f fec t  i s  re la t ive ly  unimportant. The 
assumgtion of a two-dimensional chordwise load dis t r ibut ion,  therefore, 
is  one reasonable simplification of the finite-wing theory. 
A number of wing theories, based on various simplifying assumptions, 
have been developed. (See references 1 t o  8.) The theories d i f f e r  i n  
accuracy and i n  the extent of t h e i r  applicabili ty.  Before discussing 
specif ic  de ta i l s  of the various theories, consideration w i l l  be given to  
some of the important fac tors  tha t  determine the usefulness of a wing 
theory. One important f ac to r  concerns the variety of wing plan forms to  
which the theory can be applied. O f  equal importance, is  the number of 
aerodynamic character is t ics  tha t  may be t reated by a given wing theory. 
A t h i rd  fac tor  concerns the su i t ab i l i t y  of a wing theory f o r  consideration 
of appropriate wing section character is t ics .  This i s  important, sinc3 
experiments have indicated that ,  through the action of the boundary layer,  
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there ;?lay be large e f fec t s  of the prof i le  shape or  of the surface condition. 
A fourth f ac to r  concerns the s u i t a b i l i t y  of the theory f o r  engineering 
applications or, more specifically,  the time required f o r  routine compu- 
ta t ions.  With these i t e m s  i n  mind,. som of the physical concepts upon 
which the present-day theories are based might now be considered. 
The prac t ica l  wing theories make use of, vortex l ines  f o r  determining 
the load carr ied by the wing. (see f i g .  1. ) The theories d i f f e r  i n  the 
manner i n  which the vor t i c i ty  i s  assumed t o  be dis t r ibuted over the wing 
surface and i n  the method employed f o r  f ix ing  the strength o-f the vortic- 
i t y  and, thereby, the magnitude of the l i f t .  According t o  a very simple 
concest, which was proposed by Prandtl  about 30 years ago and which is  
commonly cal led l i f t i n g -  l i n e  theory (reference 1 )  , the vo r t i  c i  t y  i s  
assumed to  be divided in to  'bound and t r a i l i n g  elemnta,  with the bound 
elements concentrated i n  a single l i n e  which should run approximately 
through the centers of pressure of the wing sections. The t r a i l i n g  
vor t i c i ty  leaves the wing i n  the form of a sheet and extends downstream 
t o  inf in i ty .  Downwash angles usually a re  calculated a t  a f i n i t e  number 
of control points d o n g  the l i f t i n g  l ine .  The effect ive angle of attack 
of the wing i s  assumed t o  be the difference between the geometric angle 
of a t tack and the downwash angle. The strength of the vor t ic i ty ,  and 
hence the wing l i f t ,  is  determined from section character is t ics  corre- 
sponding t o  the effect ive angle of attack. The l i f t i ng - l ine  method, 
therefore, provides no indication of any possible dis tor t ion of the chord- 
wise load dis t r ibut ion.  Also, because the l i f t i n g  l i n e  is necessarily 
s t raight ,  the method must be r e s t r i c t ed  t o  small angles of sweep. 
Because of the recent emphasis on highly swept wings, consideration 
i s  being given t o  a more general (or l if t ing-surface) concept such a s  
has been used by Falkner (reference 5 )  and Cohen (reference 6) .  According 
to  t h i s  concept, the vo r t i c i ty  i s  assumed to  be dis t r ibuted both chord- 
wise and spanwise over the wing surface. The strength of the vo r t i c i ty  
i s  f ixed by the condition that ,  a t  any point on the surface, the flow 
rrmst be tangent to  the surface. This method gives both the chordwise and 
the spanwise load dis t r ibut ions under potential-flow conditions. Wing 
section character is t ics  do not enter  in to  the solution md, therefore, 
the e f fec ts  of viscosi ty  can be accounted f o r  on17 i n  an indi rec t  manner. 
For prac t ica l  applications, the surface l i f t  must be represented by a 
f i n i t e  number of vortex l ines  and the boundary conditions must be sa t i s -  
f i e d  a t  a f i n i t e  number of control points. The simplest arrangement, 
which uses only one l i f t i n g  vortex, i s  designated in f igure  1 as the 
"simplified l i f t ing-surface concept." This par t icu lar  concept was sug- 
gested by Wieghardt (reference 3 )  and has been developed by Weissinger 
(reference 7) m d  Mutterperl (reference 8). The single l i f t i n g  vortex 
i s  located along the wing quarter chord, and the boundary condition i s  
~ a t i s f i e d  along the wing three-quarter-chord l ine .  Because the boundaq 
condition i s  not sa t i s f i ed  a t  the l i f t i n g  vortex, as i n  the case of 
l i f t i ng - l ine  theory, the l i f t i n g  vortex does not have t o  be a s t ra ight  
l i ne ;  md the method, therefore, i s  applicable t o  swept wings. As i n  the 
case of l i f t i ng - l ine  theory, however, t h i s  method does not account f o r  
any d is tor t ion  of the two- dimensional chord loading. 
All of the subsonic wing theories are  based on the assumption of 
incompressible potent ia l  flow. Tine so-called f i rs t -order  effects  of 
compressibility can be accounted fo r ,  however, hy resort ing t o  a general- 
iza t ion  of the Pmdt l -Glaue r t  ru le  (references 9 t o  Xi), a s  indicated 
i n  f igure 2. This ru le  implies tha t  character is t ics  of a wing i n  compress- 
ibPe flow can be obtained by analyzing an equivalent wing i n  incompress- 
ib l e  flow. The equivalent wing is  obtained by increasing a l l  longitudinal 
dimensions of the actual  wing by the fac tor  1 This r e su l t s  11; 
a decrease i n  the aspect r a t i o  A and an increase i n  the sweep angle A, 
as  indicated by the equations given i n  f igure 2. The compressible-flow 
pressures Pcomp are  obtained by multiplying the incompressible-flow 
pressures f o r  the equivalent wing by the f ac to r  1 $ *  This
'einc 
procedure, of co'xrse, does not account f o r  changes i n  boundary-layer 
e f fec ts  which may accompany changes i n  Mach nwmber. 
The general u t i l i t y  of the three wing-theory concepts i s  summarized 
i n  table  I. Tlie comparison is  made on the basis  of the Multhopp, FaUmer, 
and Weissinger adaptations, which are  considered t o  be the most sui table  
f o r  prac t ica l  use. With regard t d  appl icabi l i ty  t o  wing geometry, the 
l i f t i ng - l ine  method is subject t o  the most severe res t r ic t ions  inasmuch 
as it i s  l imited t o  high aspect r a t i o  and low sweep angle. The l i f t i n g -  
surf ace theory has general appl icabi l i ty ,  and the simplif iecl l i f t i n g -  
surface theory of Weissinger i s  applicable to  all  wings having s t r a igh t  
leading and t r a i l i n g  edges. The l i f t i ng - l ine  theory i s  readi ly applicable 
to  a wide variety of wing character is t ics  (references 12 to  21) j whereas, 
the l i f  ting-surf ace and s i q l i f  ied  l i f  ting-surf ace theories, being 
considerably more cumbersome, have so f a r  been a ~ p l i e d  t o  only a l imited 
n u d e r  of character is t ics .  Wing section character is t ics  can be eas i ly  
accounted f o r  only by the l i f t i ng - l ine  concept. The l i f t i ng - l ine  theory 
i s  most desirable from the standpoint of the time required f o r  solutions. 
For exmple, i n  calculating a spanwise load dis t r ibut ion,  the l i f t i n g -  
surface method takes about 60 times as long as  the l i f t i ng - l ine  method 
which uses four control points, and the simplified l i f t ing-surface method 
takes about eight times as  long as  the l i f t i ng - l ine  method f o r  the same 
number of control points. Doubling the number of control points approxi- 
mately quadruples the time required f o r  solutions. 
The importance of one of the factors  considered i n  table I, tha t  is,  
the su i t ab i l i t y  of a theory f o r  consideration of wing section chsracter- 
i s t i c s ,  is  i l l u s t r a t e d  i n  f i g w e  3. Chordwise load dis t r ibut ions resul t ing 
from angle of attack and from f l a p  deflection, and are  
shown. The par t icu lar  dis t r ibut ions shown were obtained from two- 
dimensional th in-a i r fo i l  theory (references 16 and 22) =d from t e s t s  of a 
two- dimensional NACA 0009 a i r f o i l  with a thickened trailing-edge portion 
(reference 23 ) . A s  has been mentioned previously, some dis tor t ion of the 
two-dimensional chordwise load dis t r ibut ions would be expected to  r e su l t  
from finite-span ef fec ts .  The comparison of the experimental md theoret- 
i c a l  load curves f o r  the  two-dinensional a i r f o i l  nevertheless provides a 
qualitative indication of differences that  ex i s t  f o r  f i n i t e -  span wings. 
The areas of the chordwise load curves represent the l i f t  due t o  
angle of a t tack and the l i f t  due t o  f l a p  deflection. The r a t e s  of change 
of these quantit ies with angle of a t tack and with f l a p  deflection are  
commonly represented by the symbols Ck. and C L ~ ,  respectively. Inte- 
gration f o r  moment, about the f l ap  hinge point, of the par t s  of the loads 
carr ied by the fls;D yields the hinge moment due to  angle of a t tack and the 
hinge moment due t o  f l a p  deflection. The r a t e s  of change of these l a t t e r  
quantit ies with angle of a t tack and with f l a p  deflection are  convention- 
a l l y  represented by the symbols 
Cha and C$, respectively. The 
greatest  differences between the experimental and theoret ical  dis t r ibut ions 
a re  i n  the trailing-edge region where the boundary layer  i s  re la t ive ly  
thick. Because of the convex contour i n  the v ic in i ty  of the t r a i l i n g  edge 
of the selected a i r f o i l ,  the differences between theory and experiment are  
greater than would normally be obtained. The indicated differences do, 
however, provide a qualitative representation of usual conditions. Corn-- 
parison of the t o t a l  areas of the load curves indicates tha t  the theoret- 
- 
i c a l  value of the l i f t  due t o  angle of a t tack C would be subJect t o  
rtr. 
only a small. e r ro r  and tha t  the l i f t  due t o  f l a p  deflection C4, would be 
sub Jec t  t o  a somewhat larger  error .  The theoret ical  values of the hinge 
moment due t o  angle of a t tack C a.nd of the hinge moment due t o  f l a p  
ha 
deflection C would be considerably different  from the experimental 
hs 
values because of the large d i f f e r e ~ c e s  in the loads near the t r a i l i n g  
edge. If a theory i s  t o  be applied t o  determination of the effectiveness 
and hinge moments of finite-span controls, it i s  important, therefore, tht 
some means be provided f o r  accounting f o r  the e f fec ts  of viscosity on the 
wing section character is t ics .  
The ef fec ts  of viscosity also influence the variation of character- 
i s t i c s  with Mach number, as  i s  i l l u s t r a t e d  i n  f igure 4. Comparisons are 
shown f o r  the actual  anp theoret ical  variations with lvlach number of the 
l i f t -curve slope C and of the r a t e  of change of a i leron hinge-moment 
La 
coeff ic ien twi thdef lec t ion  C f o r t h e w i n g o f  a f igh te r - typea i rp lane  hs 
(reference 24) . The calculated-curves a re  based on applications of the 
generalized Prandtl-Glauert rule  which assumes no viscosity (reference 9). 
The calculated r e su l t s  f o r  the l i f  t-curve slope Cr, are  i n  good agreement 
with experiment almost up to  the Mach number f o r  which the force break 
occurs. Good agreement was not obtained, however, f o r  the hinge-moment 
parameter C even at moderate Mach numbers. The poor agreemnt 
h6 
probably i s  caused by variations, w3th Mach nwnbsr, of the character is t ics  
of the boundary layer,  which were sho- i  i n  f igure 3 t o  have an important 
e f fec t  on hinge moments. A s  yet,  there i s  no sat isfactory method of 
accounting f o r  such boundary-layer effects .  
The f a c t  t ha t  the l i f t i ng - l ine  theory i s  inadequate a t  small aspect 
ra t ios ,  such as may be employed f o r  t a i l  surfaces or  f o r  high-speed wings, 
1s i l l u s t r a t e d  i n  figure 5 .  This f igure shows theoret ical  variations 
w%th aspect r a t i o  of the l i f  t-curve slope 
C ~ a  
and of the hinge -moment 
parameters Ch, and C . Results glven by l i f  ting-line-theory equations 
hs 
a re  compared with r e su l t s  indicated by a lifting-surface-theory method. 
(see references 25 t o  28.) In the l a t t e r  mthod, l i f t ing-surface -theory 
was used only t o  obtain corrections tha t  could be applied to  the usual 
l i f t ing-l ine- theory equations. By t h i s  procedure, equations i n  t e r n  of 
a rb i t ra ry  section parameters could be retained. The curves shown ware 
calculated from the measured section character is t ics  of an NACA 0009 a i r -  
f o i l  equipped with a 30-percent-chord plain sealed f lap .  Tne r e su l t s  
indicate tha t  the difference between the two theories increases as the 
aspect r a t i o  decreases; and, i n  the case of the hinge-moment parameters, 
the dffferences may be very large.  The two t e s t  points i n  f igure 5 repre- 
sent r e su l t s  obtained from t e s t s  of two specif ic  configurations. The 
r e su l t s  tend t o  be i n  be t t e r  agreement with the l i f t ing-surface theory 
than with the l i f t i ng - l ine  theory; and, i n  general., t e s t s  of other models 
have given similar resul ts .  The er rors  of the l i f  t ing-line theory are  of 
such a magnitude as t o  be intolerable f o r  most design purposes. 
A s  had been mentioned previously, the l i f t i ng - l ine  theom cannot be 
applied t o  wings with large sweep angles. The simplified l if t ing-surface 
theory of Weissinger (reference 7) has been found t o  be very useful  f o r  
the calculation of cer tain swept-wing character is t ics ,  as, f o r  example, 
the spanwise load distribution. Calculations of the load dis t r ibut ions 
have been carried out f o r  a wide variety of wing plan f o m  (reference 29) ; 
and, i n  general, good agreement has 'been obtained with experiment, a t  leaat 
f o r  low l i f t  coefficients.  (see reference 30. ) Comparisons of measured 
and theoret ical  load dis t r ibut ions f o r  an unswept wing, a sweptback wing, 
and a sweptf orward wing are  shown i n  f igure  6. The agreement i s  f a i r l y  
typical  of what has been obtained f o r  all but the most extreme pl-an forma. 
Comparison of the load curves f o r  the unswept and sweptback plan f o m  
shows the usual reduction i n  load near the wing root and increase i n  load 
near the wing t i p  as the wing is swept back. A n  increase i n  load near the 
root  and a decrease in load near the wing t i p  is obtained as  the wlng i s  
swept forward. These e f fec t s  of sweep on the load dis t r ibut ion cause a 
tendency f o r  the t i p  sections of sweptback wings t o  s tal l  before the root 
sections; whereas, f o r  sweptforward wings, the roc t  sections generally 
s tal l  before the t i p  sections-. 
The peculiar s t u i n g  character is t ics  of swept wings l imi t  the l i f t -  
coeff ic ient  range over which any theory, i f  based on potential-flow 
concepts, can be expected t o  give re l iab le  resu l t s .  This f a c t  i s  i l l u s -  
t ra ted  i n  figure 7. Comparisons of theoret ical  and experimental values 
of the aerodynamic-center location are  given f o r  an'unswept wing and a 
wing with 450 sweepback (reference 31). Both wings had an aspect r a t i o  
of 4.1. For the unswept wing the aerodynamic center showed l i t t l e  
movement t o  a l i f t  coefficient a t  l e a s t  as high as  1.0, and the experi- 
mental resu l t s  were i n  good agreement with the value given by the 
Weissinger theory. For the wing with 45' sweepback, however, the aero- 
dynamic center showed a large rearward movement, s t a r t ing  a t  a l i f t  
coeff ic ient  of about 0.6. Although the theoret ical  value was i n  good 
agreement with experiment st low l i f t  coefficients,  the agreement was 
very poor i n  the high l i f t - coe f f i c i en t  range where the wing probably was  
p a r t i a l l y  s ta l led .  This l imitat ion of the theory i s  i l l u s t r a t e d  only 
f o r  the case of the erodynamic center, but similar l imitat ions have been 
obsenad f o r  almost a l l  of the aerodynamic' character is t ics .  A t  the pre- 
sent time, it i s  possible only t o  make qualitative estimates of the charac- 
t e r i s t i c s  a t  high l i f t .  Wind-tunnel t e s t s  must be r e l i ed  upon i n  order to 
ob t a in  quanti t a t ive  answers. 
Rigorous theories have not ye t  been applied t o  all of the character- 
i s t i c s  which are  of in te res t .  For cer tain purposes, however, reasonably 
re l iab le  indications of the e f f ec t s  of a given geometric variable can be 
obtained from very simple considerations. The ef fec ts  of sweep on f in i t e -  
span wings, f o r  example, are  sometimes assumed t o  be the same as  the 
e f fec ts  of sweep on inf i n i  te-span wings. (See reference 3 2. ) This 
approach neglects any consideration of the induced angle of a t tack o r  of 
the e f fec ts  of sweep on the span loading. An example of the r e l i a b i l i t y  
of such an approach f o r  one par t icu lar  characteris t i c  i s  shown i n  figure 8 . 
This f i g u e  gives a coqar i son  of experimntal  and calculated values of 
the aileron rolling-monent effectiveness C . bf in i t e - span  considerations 
16 
indicate tha t  the ai leron ro l l ing-mmnt  effectiveness should decrease as 
the square of the cosine of the sweep angle. By applying t h i s  correction 
fac tor  t o  the effectiveness paraxmter measur&d f o r  the unswept wing, the 
dashed curve is  obtained. Test r e su l t s  (reference 33) obtained with two 
sweptback wings were i n  reasonably good agreement with the calculated 
curve. Since unswept wings have been investigated ra ther  thorou@ly, both 
by theory and experiment, rough estimates of the ai leron rolling-moment 
effectiveness f o r  almost any swe;?t-wing plan form can bs obtained by t h i s  
si~llple procedure. Several other wing character is t ics  have been handled 
i n  a similar manner. A somewhat d i f fe rent  approach, i n  which consideration 
i s  given t o  the ind-uced angle of attack, as well as t o  the infinite-span 
e f fec t  but with the e f fec ts  on the load dis t r ibut ion s t i l l  neglected, has 
been applied t o  the estimation of the s t a b i l i t y  derivatives of swept 
wings (raf erence 34) . 
There a re  cer tain problems tha t  can b3 handled most sa t i s f ac to r i ly  
by purely empirical procedures. An example i s  the determination of the 
control-surface balance configuration required i n  order t o  obtain specified 
values of the hinge-moment parameters. Theoretical procedures have so f a r  
bsen indequate f o r  analyzing the character is t ics  of the various balancing 
devices; consequently, the e f fec ts  of the many de ta i l s  of control-surface 
balances have been studied experimentally (references 35 t o  38). Some of 
the important r e su l t s  of t h i s  work are  mmmarized i n  f igure 9. 
The form of f igure 9 has been found convenient f o r  a nurnber of 
d i f fe rent  analyses of hinge-moment character is t ics .  It i s  a p l o t  of the 
par- t e r  Ch, against the parameter C hs; and. the dashed l im  repre- 
sents combinations of these p a r m t e r s  t h a t  would r e su l t  i n  zero control 
force f o r  a typica l  aileron. Lines of constant values of the con-trol 
force f o r  a given f l i g h t  speed and a @ven a l t i t u d e  could be represented 
by l ines  drawn para l l e l  t o  the zero-force l ine .  Increasing heaviness, 
o r  underbalance, i s  obtained i n  moving t o  the l e f t  of the zero-f orce l ine ,  
md increasing overbalance r e su l t s  from moving t o  the r igh t  of the zero- 
force l ine .  A point, determined by the character is t ics  of a p la in  aileron 
(without balance), i s  represented on the chart  by the small c i rc le .  The 
manner i n  which the hinge-moment perameters a re  a l t e red  through the 
addition of various aerodynamic balances i s  indicated by the l ines  radiat ing 
from the point f o r  the plain aileron. The distance moved along a given 
l i n e  depends, of course, on the s i  ze o r  geometry of the balancing device. 
Empirical procedures a re  available f o r  estimating the extent t o  whf eh the 
geometry of the various balances must be a l te red  i n  order t o  produce pre- 
scribed changes in  the hinge-moment paraneters (reference 37). The chmt  
shows tha t  the d i f fe rent  devices vary considerably i n  the manner i n  which 
they a f fec t  the hinge-moment parameters. The balancing tab, f o r  example, 
may have a large e f fec t  on C 
ha ' 
but a negligible e f f ec t  on C be The 
addition of a beveled-trailing-edge balance, on the other hand, a f fec ts  C 
ha 
and ChS almost equally. Intermediate variations a re  obtained v i t h  a 
sealed in terna l  balance and with balances of the p la in  overhang type. By 
proper choice of the balance o r  by combinations of various balances, it is 
possible t o  obtain almost any desired values of the hinge-moment parameters . 
CONCLUDING Jiumfum 
I n  the foregoing discussion, a brief  description has been given of 
the physical principles of the wing theories tha t  a re  presently available 
t o  the aerodyngmicist, and an indication has been given of some of the 
procedures tha t  a re  being used t o  obtain solutions t o  specif ic  problems. 
The procedures i n  use do not always u t i l i z e  sound fundamental principles.  
The reason f o r  t h i s . i s  not lack of a sound theory, but ra ther  tha t  the 
present theories are,  i n  many ,instances, too cumbersome f o r  prac t ica l  
applications. None of the present theories is sat isfactory with regard 
t o  all of the points mentioned a t  the beginning of t h i s  paper. A theory 
tha t  would combine appl icabi l i ty  t o  a rb i t ra ry  geometry with the m a n y  
advantages of the present l i f t i ng - l ine  theory would be extremely useful. 
The ef fec ts  of compressibility, par t icular ly f o r  thick finite-span wings, 
and the effects  of the boimdrqry layer  cannot yet  be adequately accounted 
for.  'Illere i s  no re l iab le  method of ant ic ipat ing the conditions under 
which the flow f i r s t  begins t o  break down on swept wings o r  of estimating 
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are complicated by the f a c t  that wing f l e x i b i l i t y  enters as an important 
sddi t ional  f ac to r  f o r  some of the wing plan 'f o m  tha t  are of current 
in teres t .  The extent t o  which wing f l e x i b i l i t y  may have t o  be considered 
has not yet  bsen well-established. 
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